We investigate the stability of a free scalar field nonminimally coupled to gravity under linear perturbations in the spacetime of a charged spherical shell. Our analysis is performed in the context of quantum field theory in curved spacetimes. This paper completes previous analyses which considered the exponential enhancement of vacuum fluctuations in the spacetime of massive shells.
I. INTRODUCTION
It has been shown that well-behaved spacetimes are able to induce an exponential enhancement of the vacuum fluctuations of some nonminimally coupled free scalar fields [1] . This "vacuum awakening effect" may be seen as the quantum counterpart of the classical instability experienced by these fields under linear perturbations [2] . The exponential growth of the vacuum energy density of an unstable scalar field in the spacetime of, e.g., a neutron star [3] would necessarily induce the system to evolve into a new equilibrium configuration culminating in the emission of a burst of free scalar particles [4] (see also Refs. [5] [6] [7] for related classical analyses). Conversely, the determination of the mass-radius ratio of observed neutron stars may be used to rule out the existence of whole classes of nonminimally coupled scalar fields [8, 9] . This has motivated us to investigate how the vacuum awakening effect is impacted by relaxing some symmetries assumed in Ref. [3] . In order to avoid complications in modeling the fluid, the analyses of deviations from sphericity [10] and staticity [11] were considered in the context of massive thin shells. In this paper, we investigate the vacuum awakening mechanism when we endow a spherical shell with electrical charge. The presence of charge affects both the energy conditions satisfied by the shell matter and the effective potential appearing in the radial part of the scalar field equation. Hence, it is interesting to inquire how previous results for massive thin shells are modified in the charged case.
The paper is organized as follows. In Sec. II, we introduce the spacetime of a massive charged shell. In Sec. III, we quantize the real scalar field in this background and discuss the vacuum awakening effect. In Sec. IV, we investigate the exponential growth of the vacuum energy density. Section V is dedicated to our final remarks. We assume metric signature (− + ++) and natural units in which c = = G = 1 unless stated otherwise.
II. SPHERICALLY SYMMETRIC CHARGED SHELLS
Let us write the line element describing the spacetime of a spherically symmetric thin shell with mass M and electric charge Q lying at the radial coordinate r = R as [12] 
and
where R > M + M 2 − Q 2 when |Q| ≤ M (while R may assume any positive value when |Q| > M ) and ∓ labels quantities defined at r ≶ R, respectively. The three-dimensional timelike surface S defined at r = R will be covered with coordinates ζ a = (t, θ, ϕ). The metrics h − ab and h + ab on S as induced from the internal-and external-to-the-shell spacetime portions, respectively, satisfy h − ab = h + ab as demanded by the continuity condition.
The shell stress-energy-momentum tensor
can be computed from the discontinuity of the extrinsic curvature ∆K ab ≡ K ab + − K ab − across S (see, e.g., Ref. [13] ). In Eq. (4),
where ∆K ≡ ∆K ab h ab , e µ a ≡ ∂x µ /∂ζ a are the components of the coordinate vectors ∂/∂ζ a defined on S, and (inside the delta distribution) is the proper distance along geodesics intercepting orthogonally S (with < 0, = 0, and > 0 inside, on, and outside S, respectively). By using Eqs. (1) and (2), we obtain
In order to unveil the most realistic shell configurations, we have investigated the behavior of the different energy conditions with respect to the shell parameters R/M and Q/M . (For the stability of charged shells under linear perturbations, see Ref. [14] .) We can see that the weak, strong, and dominant energy conditions are simultaneously satisfied in a large portion of Fig. 1 , namely, region 3.
III. QUANTIZING THE FIELD AND AWAKING THE VACUUM
Now, we consider a nonminimally coupled massless real scalar field Φ satisfying the Klein-Gordon equation
in the spacetime of our spherically symmetric charged shell, where ξ ∈ R and R is the scalar curvature. We follow the canonical procedure and expand the corresponding field operator [15, 16] 
in terms of positive, u η , and negative, u * η , norm modes with respect to the Klein-Gordon inner product, where ϑ is a measure defined on the set of quantum numbers η. The annihilationâ η and creationâ † η operators satisfy [â α ,â † β ] = δ(α, β) and [â α ,â β ] = 0, where the delta function is defined by dϑ(α)δ(α, β)F(α) = F(β) for F ∈ C ∞ , and the vacuum state |0 must satisfyâ η |0 = 0 for all η.
The spacetime symmetries drive us to look for positivenorm modes in the form where Y lµ (θ, ϕ) represent the spherical harmonic functions, l = 0, 1, 2 . . ., µ = −l, −l + 1, . . . l, σ = const ∈ R, and
(positive-norm condition). By using Eq. (10) in Eq. (8), we obtain that F ∓ σl (r) and T σ (t) satisfy
Depending on the sign of σ, Eq. (14) supplemented by condition (11) admits two kinds of general solutions:
for σ ≡ ω 2 > 0 and
for σ ≡ −Ω 2 < 0. The combination chosen on the righthand side of Eq. (16) guarantees that the corresponding u ∓ σlµ functions will be indeed positive-norm modes [1] . The modes (10) with T σ (t) as given by Eqs. (15) and (16) will be denoted as
corresponding to the usual time-oscillating and "tachyonic" modes, respectively.
The field-operator expansion (9) can be cast, then, in terms of oscillatory and tachyonic modes aŝ
where the only nonzero commutation relations between the creation and annihilation operators are
The presence of tachyonic modes makes the scalar field unstable. Quantum fluctuations and, consequently, the expectation value of the stress-energy-momentum tensor, grow exponentially in time in the presence of these modes (see also Refs. [17, 18] for further discussions on the quantization of unstable linear fields in static globally hyperbolic spacetimes). Now, we shall discuss in detail the radial part of modes v ∓ ωlµ and w ∓ Ωlµ , namely, ψ ∓ ωl (r)/r and ψ ∓ Ωl (r)/r, respectively. For the sake of convenience, we define the coordi-
while for r ≥ R
where
, and D (3) are constants chosen such that χ − and χ + fit each other continuously on the shell. In terms of the coordinates χ ∓ = χ ∓ (r), Eqs. (12) and (13) can be rewritten as "Schrödinger-like" equations for ψ ∓ λl where λ ∈ {ω, Ω}:
with
We note that the discontinuity of the potential across the shell is ∆V eff = f (R)(2M/R 3 − 2Q 2 /R 4 ) and that solutions ψ + Ωl (r) must vanish asymptotically to be normalizable:
Now, let us discuss the junction conditions on ψ ∓ λl for λ ∈ {ω, Ω}. By using Einstein equations in conjunction with Eq. (4), we have that
where, by using Eqs. (6) and (7), we have
By using Eq. (31) in Eq. (8), we obtain the junction conditions for ψ ∓ λl (r)/r and for its first derivative along the direction orthogonal to S, namely,
where γ = −2∆K = −8πS and (ψ λl /r) S = (ψ ∓ λl /r) S because of Eq. (32).
Next, we shall look for the conditions on M/R, Q/M , and ξ which allow for the existence of solutions ψ 
while we see from Eq. (33) that in general dψ 
whose general solution can be cast as
with B l , C l ∈ R being constants. We see that, for l = 0, condition (30) is actually not satisfied by any nontrivial ψ + 00 . This is an artifact which appears because marginal solutions have Ω = 0. The presence of any small Ω = 0 would eventually dominate for large enough r changing the asymptotic form of Eq. (36) to
in which case the general solution could be written as
where for small enough Ω
Ωl
Ωl It is easy to see that
is a marginal solution in the interior of the shell satisfying condition (34) for any charge value. Now, we note from Eqs. (28)-(29) that the smaller the l the "deeper" the effective potential V (l,∓) eff making tachyonic modes with vanishing angular momentum the most likely ones to exist. Because the appearance of a single tachyonic mode is enough to render the system unstable, we shall restrict our quest to marginal solutions with l = 0. Then, from Eq. (40), we immediately write
for all Q. Next, we look for marginal solutions external to the shell. For the sake of clarity, we present the cases |Q| < M , |Q| = M , and |Q| > M , separately. Case |Q| < M : The general marginal solution external to the shell for arbitrary l can be written as [19] ψ + 0l (r) = B
(1)
where B
is a real function, P l (z) and Q l (z) are Legendre functions of the first and second kinds [20] , respectively, and we note that 
Now, we impose the constraints (32) and (33) on the solutions (41) and (43) obtaining the following relationships among the integration constants:
(45) Next, we recall the discussion below Eq. (39) and impose B Case |Q| = M : Let us write the general marginal solution external to the shell in this case as
∈ R being constants. In the particular case where l = 0, we obtain
Now, by imposing the constraints (32) and (33) on Eqs. (41) and (47), we obtain
The boundary of the unstable region in Fig. 4 is obtained by demanding B
0 /A (2) 0 = 0. Case |Q| > M : Finally, the general marginal solution external to the shell in this case can be written as
∈ R are constants and ψ + 0l are real functions. We then make use of Eq. (8.834-2) of Ref. [20] to show that the Legendre functions of the second kind can be cast as
Now, by choosing the branching cut for ln z along the line z = iy, y ≥ 0, we write
from which it can be seen that
As before, we take l = 0 in Eq. (49), obtaining
0 r + C
Again, by imposing constraints (32) and (33) on Eqs. (41) and (52), we obtain
The boundary of the unstable regions in Fig. 5 was drawn by demanding B
0 /A Figs. 2-5 we show the parameter-space region where tachyonic modes exist for |Q|/M = 0, 0.5, 1, 1.5, rendering the scalar vacuum unstable. The black areas represent regions where there are no static shell configurations. For any fixed |Q|/M , there is a small enough (M/R) 0 such that for 0 < M/R < (M/R) 0 the boundary of the unstable regions is determined by ξ = −R/(2M ) + O(M/R) being independent of the value of |Q|/M . As M/R increases, the influence of the charge on the instability regions becomes more noticeable. In particular, the minimum value of M/R required for some scalar field with ξ > 0 to become unstable grows from 4/9 when Q = 0 to 1 when |Q| → M − . Scalar fields with ξ ≥ 0 are stable in the spacetime of shells with |Q| = M . We recall that for |Q| > M there are static shell configurations for any M/R at the cost of having the weak, strong and dominant energy conditions being violated by shells with large enough M/R. Finally, it is interesting to note that although there are shell configurations which allow for the existence of tachyonic modes for the conformal scalar field case, ξ = 1/6, at least some energy condition will be violated by the corresponding shell.
IV. VACUUM ENERGY DENSITY
Here, we analyze the exponential growth of the vacuum energy density (as measured by static observers)
in as a result of the instability induced by the appearance of tachyonic modes. We assume the vacuum |0 in to be the no-particle state as defined according to the oscillating modes at the infinite past, where the initial shell parameters, M in , Q in , and R in , do not allow for the existence of tachyonic modes. Then, by assuming that the shell evolves to the static configuration, characterized by M , Q, and R, which allows for the existence of tachyonic modes, we can use the general expression obtained in Ref. [1] to write the leading contribution to the vacuum energy density (see Ref. [4] for a more comprehensive discussion): where H( ) is the Heaviside step function (with being the proper distance of the geodesics which orthogonally intercept S) and
are the leading vacuum contributions to the energy density inside, outside, and on the shell, respectively. Here, κ is a positive constant of order one (see Ref.
[1] for more details) andΩ represents the largest Ω among all tachyonic solutions. We note that although the absolute value of the vacuum energy density increases exponentially in time, the growth is positive at some places and negative at some other ones in such a way that the total vacuum energy is conserved [1] . Eventually, the spacetime must react to the vacuum energy growth leading the whole system to evolve into some final stable configuration with no tachyonic modes. The analysis of the corresponding evo- lution in the context of semiclassical gravity is well known to be difficult. However, it was recently shown that the scalar field should lose coherence fast enough to allow backreaction to be treated in the much easier context of general relativity [21] .
V. CONCLUSIONS
We have analyzed the stability of a nonminimally coupled free scalar field in the spacetime of charged spherical shells. The impact of the charge on the instability is enhanced for more compact configurations. Also, the cases |Q| ≤ M and |Q| > M differ because in the latter case there are static shell configurations for every radius R. Notwithstanding, some of them may violate the weak, strong and dominant energy conditions. The presence of charge does not alter the fact that spherically symmetric shells which are able to awake the vacuum for conformally coupled scalar fields, ξ = 1/6, do not satisfy at least the dominant energy condition. Finally, we have calculated the expectation value of the vacuum energy density in order to make explicit its exponential growth in time.
